2. Cambridge Assessment
<Y International Education

Specimen Paper Answers
Paper 2

Cambridge International AS & A Level
Further Mathematics 9231

For examination from 2020

Version 1 Cambridge
Pathwgy D



In order to help us develop the highest quality resources, we are undertaking a continuous programme
of review; not only to measure the success of our resources but also to highlight areas for
improvement and to identify new development needs.

We invite you to complete our survey by visiting the website below. Your comments on the quality and
relevance of our resources are very important to us.

www.surveymonkey.co.uk/r/GL6ZNJB

Would you like to become a Cambridge International consultant and help us develop
support materials?

Please follow the link below to register your interest.

www.cambridgeinternational.org/cambridge-for/teachers/teacherconsultants/

Copyright © UCLES 2018

Cambridge Assessment International Education is part of the Cambridge Assessment Group. Cambridge
Assessment is the brand name of the University of Cambridge Local Examinations Syndicate (UCLES),
which itself is a department of the University of Cambridge.

UCLES retains the copyright on all its publications. Registered Centres are permitted to copy material from
this booklet for their own internal use. However, we cannot give permission to Centres to photocopy any
material that is acknowledged to a third party, even for internal use within a Centre.


http://www.surveymonkey.co.uk/r/GL6ZNJB
http://www.cambridgeinternational.org/cambridge-for/teachers/teacherconsultants/

Contents

[a (oo [¥Tox 1 o] o OSSR 4
L@ U= 1 0] o 1 PSR SSRPRTR 7
(@ 10 T=E] (o] o 2RSSR 8
(@ U= 1 0] 1 PR TRSRPTP 10
(@ 10 T=1] (o] 1 PP PPUPRRUPPPPIN 11
(@ U= 1 0] 1 TR 13
(@ TU =1 (o] I G PP PPUPRUPPPPIN 14
(@ U= 1 o] o IR AP SSRUPI 16

(@ TUT=E] (o] I S TP UPUPRRUPPPPIN 19



Specimen Paper Answers

4

Introduction

The main aim of this booklet is to exemplify standards for those teaching Cambridge International AS & A
Level Further Mathematics 9231, and to show examples of model answers to the 2020 Specimen Paper 2.
Paper 2 assesses the syllabus content for Further Pure Mathematics 2. We have provided answers for each
guestion in the specimen paper, along with examiner comments explaining where and why marks were
awarded. Candidates need to demonstrate the appropriate techniques, as well as applying their knowledge
when solving problems.

You will need to use the mark scheme alongside this document. This can be found on the School Support
Hub (www.cambridgeinternational.org/support) on the ‘Syllabus materials’ tab — scroll down to the bottom of
the page where the Specimen Paper materials are.

Individual examination questions may involve ideas and methods from more than one section of the syllabus
content for that component. The main focus of examination questions will be the AS & A Level Further
Mathematics syllabus content. However, candidates may need to make use of prior knowledge and
mathematical techniques from previous study, as listed in the introduction to section 3 of the syllabus.

There are seven to nine structured questions in Paper 2; candidates must answer all questions. Questions
are of varied lengths and often contain several parts, labelled (a), (b), (c), which may have sub-parts (i), (ii),
(iii), as needed. Some questions might require candidates to sketch graphs or diagrams, or draw accurate
graphs.

Candidates are expected to answer directly on the question paper. All working should be shown neatly and
clearly in the spaces provided for each question. New questions often start on a fresh page, so more answer
space may be provided than is needed. If additional space is required, candidates should use the lined page
at the end of the question paper, where the question number or numbers must be clearly shown.

Past exam resources and other teacher support materials are available on the School Support Hub
(www.cambridgeinternational.org/support).

Cambridge International AS & A Level Further Mathematics 9231
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Specimen Paper Answers — Paper 2

Assessment overview

There are three routes for Cambridge International AS & A Level Further Mathematics. Candidates may
combine components as shown below.

Route 1 Paper 1 Paper 2 Paper 3 Paper 4

AS Level only Further Pure Further Pure Further Mechanics Further Probability
(Candidates take the AS Mathematics 1 Mathematics 2 & Statistics
components in the same

series)

Either v Mot available for v

Or v AS Level v

Route 2 Paper 1 Paper 2 Paper 3 Paper 4

A Level (staged over Further Pure Further Pure Further Mechanics Further Probability
two years) Mathematics 1 Mathematics 2 & Statistics
Either v y

Year 1 AS Level

Year 2 Complete

v v
the A Level
Or v v
Year 1AS Level
Year 2 Complete v v
the A Level
Route 3 Paper 1 Paper 2 Paper 3 Paper 4
A Level Further Pure Further Pure Further Mechanics Further Probability
(Candidates take the Mathematics 1 Mathematics 2 & Statistics
A Level components in
the same series)
Year 2 full A Level v v v v

Paper 2 — Further Pure Mathematics 2
e Written examination, 2 hours, 75 marks
e 7to 9 structured questions based on the Further Pure Mathematics 2 subject content
e Candidates answer all questions
o Externally assessed by Cambridge International
e 30% of the A Level only

This is compulsory for A Level.

Cambridge International AS & A Level Further Mathematics 9231
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Assessment objectives

The assessment objectives (AOs) are the same for all papers:
AO1 Knowledge and understanding

e Show understanding of relevant mathematical concepts, terminology and notation
e Recall accurately and use appropriate mathematical manipulative techniques

AO2 Application and communication

e Recognise the appropriate mathematical procedure for a given situation

e Apply appropriate combinations of mathematical skills and techniques in solving problems

e Present relevant mathematical work, and communicate corresponding conclusions, in a clear and
logical way

Weightings for assessment objectives
The approximate weightings (£ 5%) allocated to each of the AOs are summarised below.

Assessment objectives as an approximate percentage of each component

Assessment objective Weighting in components %

Paper 1 Paper 2 Paper 3 Paper 4
AO1 Knowledge and understanding 45 45 45 45
AO2 Application and communication 55 55 55 55

Assessment objectives as an approximate percentage of each qualification

Assessment objective Weighting in AS Level % Weighting in A Level %
AO1 Knowledge and understanding 45 45
AO2Z Application and communication 55 55

6 Cambridge International AS & A Level Further Mathematics 9231
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Question 1
1 Find the general solution of the differential equation
LR P [6]
dt*>  dt '
Auxiliary equation m? + 4m+4=0= (m+22 =0 m= -2 @ After gaining M1 for forming and solving the auxiliary
equation, candidates need to remember the form of
So the complementary function is x = (A + BY) et @ the complementary function when there is a real

repeated root, and take care to use the correct

variables for Al. They should set up the particular
integral carefully and show x and ¥ for B1, before
substituting to gain M1 and finding the coefficients

4/7: -2 8y + 44: O and 2p + 4.44. 4pr=7 @ for the second Al.

Particular integral x = pt> + gt + rso k= 2pt+qg and k= 2p @

Substituting in  2p+ 4( 2pt+ ) + 4 (P + gt + ) = 7 — 28

Sop=-—=, g=-2p=1 and4r=7 -4 x1 -2x —=450r=1 @

2 2 . ..
The general solution, combining the complementary
x=(A+ BhHe?t+ 1+ t+ % & @ function and particular integral should be written
down, again being sure to use the correct variables
for the final A mark. Marks are sometimes lost by
candidates using the wrong variables in their
answer.

Cambridge International AS & A Level Further Mathematics 9231 7
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Question 2

The mark scheme gives two alternative solutions for this question, so we have provided a model answer for both.

Method 1

2

Find the exact value of I:

;dxl
N3+ 4x—4x?

3+ 4x - 4,2 = 4 — (2x - 1) by completing the square @

Let 2x - 1 = 2sinf so  2cosH = V4-4sin”O  and 2%= 2c0s6 db

Jl 5t dX:jgn cosz.92 0
°J4-(2x-1) 24— 4sin* b

. cost
=~[—§2coséJ 4 @

@

[6]

Cambridge International AS & A Level Further Mathematics 9231

Examiner comment

Completing the square is a standard technique for
tackling various integrations with quadratic
expressions and earns the first method mark. In this
method, this leads into an integration by substitution,
which gains another method mark, and the third
method mark is for simplifying the expression. The
first accuracy mark is awarded for the correct
integration from full working. Using the correct limits
(candidates may revert to the original variable) gives
the final M1 and A1l if all is correct. No credit will be
given for answers without working, or correct
answers following incorrect working.




Method 2

Specimen Paper Answers — Paper 2

2

Find the exact value of Jol

;dx .
N3+ 4x —4x*

(6]

Examiner comment

3+ 4K - 4,2 =4 — (2x - 1)? by completing the square @

1 1 _1.2 1 1l g1
fomd/\’—zfomd%@ 2 sn Hx 2)®®
= L(sin(0.5) - sini(-o5)@ P == @

In this alternative method, the first method mark is
awarded in the same way as for Method 1, the next
M1 is for further manipulating the integrand into the
form shown, so that it can be integrated using a
result from the formula sheet for the next M1 and
the first Al. Using the correct limits gains the final
M1 and the final mark is an accuracy mark. No
credit will be given for answers without working, or
correct answers following incorrect working.

Cambridge International AS & A Level Further Mathematics 9231
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Question 3
3 Find the solution of the differential equation
xd—y+ 3y = sin x
dx X

for whichy =0 when x = %n . Give your answer in the form y = f(x).

d
Dividing through by x to make the coefficient of d—i equal to one gives

dy 3 in
- +y—=%{@

dx X
)
So the integrating factor is e/ % @ = g?Inx = P @

Multiplying through gives XK Z—Z + 3Yx? = Ksiny

= —XCOSX + SINK + ¢ @

2

-cos(x) ~ sin(x) 1
S e s @@

le. %(X‘y) = XSinx @ = APy = [ xsinx dx = -xcosx -[ -cosxdx

Usingy=0,x= 3 ()3x0=(5)x0+1+c so c:-i@

[8]

10 Cambridge International AS & A Level Further Mathematics 9231

Examiner comment

The first mark is for getting into the right form, then
the method mark is for attempting to find the
integrating factor, with an accuracy mark if it is
correct. The integration is then set up, and the right
hand side is integrated by parts for M1 and Al.

The value of the arbitrary constant is found by
substituting the given values for M1, before the final
rearrangement.

It is essential to show the working throughout this
guestion so that it is clear that the integrations are
being done, not taken from a calculator. The final

answer must be given in the form required.
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Question 4

Y
=

. . . 1 .
The diagram shows the curve with equationy = —- forx >0, together withaset of (n—1)
X

rectangles of unit width.

(a) By considering the sum of the areas of these rectangles, show that

n
1 2n- 1
2. 5< [5]
r=1 r
Examiner comment
Summing the areas of the given rectangles gives 2 + 12 + 2 +. % @@ As the answer is given, it is very important to show
detailed steps in the working. The first steps are to
So 2i2+312+4i2 ot 5 < dx @ and | dx [——] % @ relate the areas of the rectangles to a summation and
relate this summation to the area under the curve. It
+r .,z e _ 1 ¢ 2nt should then be made clear that 1 has to be added to
So :L+22+52+42 LR R soZ,,‘lr2 " @

both sides of the inequality for the final Al. It is also
important to show the integration steps clearly.

Cambridge International AS & A Level Further Mathematics 9231 11
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(b) Use asimilar method to find, in terms of n, a lower bound for n riz
=1
Method 1 r
k\
1 2

Summing the rectangles that would sit above the curve including rectangle
between n and n + 1 gives 2+;’2+ = @ ”‘"1 2d @
L @

Method 2
Summing rectangles sitting above the curve up to rectangle between n - 1
and n gives %+%+512 + o 1) @> dx@ [——] _1—;
So adding last term to both sides gives %+2—12+3—12 . i >1- 2 +n%

(3]

Examiner comment

A diagram or annotations on the given diagram would
add clarity here, showing the rectangles needed
above the curve. As in part (a) it is important to be
exact about the summation and in the second case

adjust the sum by adding niZ to both sides of the

inequality.

Examiner comment

A diagram or annotations on the given diagram would
add clarity here showing the rectangles needed
above the curve. As in part (a) it is important to be
exact about the summation and in the second case

adjust the sum by adding niZ to both sides of the
inequality.

12
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Question 5

5

(@)

(b)

The curve C has parametric equations

1

2t
x=e"—4t+3, y=8e2 foro<t<?2.

Find, in terms of e, the length of C.

dx

1
@ so rif=et-get+r16+16et = e?t+8et+16= (et+4)2@®

d &2
e = & < t
ik 2 4, e 4e>

Length of curve = [2 [+ o> de = [Z(et+4) dt@: [(et+4z‘)]: =e*+8-1= ez+7®

Find, in terms of = and e, the area of the surface generated when C is rotated through

27 radians about the x-axis.

Surface area

2 2y i+ i dt = 2n [2 86t (et+4) de(ED)

3 3 3 1,12
1em 2 et + 4-eitdt@= 16m E et + 8eit] @@
0
2,3 _26
16m (2e*+8e-29) @

[5]

[5]

Examiner comment

Most candidates will spot the factorisation needed
and gain the first M1 Al having differentiated
correctly (B1). They can then proceed to a simple
integration to find the length of the curve (M1 Al).
Answers do need to be left exact, and as always
with integration, answers without working will not
gain marks.

Examiner comment

Most candidates recall the relevant formula (B1
follow through on (a)), though there can be
confusion with the Cartesian form. Limits are not
required for the first M1. The steps of the integration
must be complete (M1 Al), and answers only will
not be credited.

Cambridge International AS & A Level Further Mathematics 9231
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Question 6

6 (a) Usingde Moivre’s theorem, show that

_ Stanf-10tan®H +tan’ 0
1=10tan’ 0 +5tan* 6

tan 50

By de Moivre’s theorem, coss6 + isin50 = (cosb + isinb)> @
But (cosb + isinB) = 5 + 5 cH(is)* + 10 3(is)* + 10 A(1s)> + 5 c* (is) * + (is)® @@
So, equating real parts cos50 = ¢ + 10 3(is)? + 5 c* (is)* = & - 10 3¢ + 5 ¢+ st
Equating imaginary parts sin50 = 5 cts+ - 10 28+ §°

St s-102 53+ °

S0 tan(S0) = FTI55 2y sert @

And dividing numerator and denominator by ¢ gives

tans@ =

stanB-10tan> 0+ tan® 6 @
1-10tan?0+5tan®6

[5]

14
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Examiner comment

Candidates need to justify each step as the answer is
given. Solutions to these types of question are
usually of a high standard, with accurate expansions
and simplifications. Sometimes the last step, dividing
by cos®6, is not made explicit and the final A1 would
be lost.

Candidates need to be confident in using this
application of de Moivre’s theorem (as shown in the
first line for B1), and not try to use the relationship

1
between cosf and z and — which would require
z

considerably more manipulation. When a question
specifies a particular method like this, this method
must be used, so trigonometric manipulation alone
will not be credited.
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(b)

1 2
Hence show that the equation x> —10x +5= 0 has roots tan’ (gnj and tan® (En) .

[5]

Examiner comment

5¢-10%+ £

m=0:>t(t4—10t2+5)=0

Let ¢ = tanb, then tansf =
But tansb = 0 = 56 = 0, t, 21, 31, 4t S0 O = O, E, 2_71) 3_7:) i @
5 ) 5 5

0 = O corresponds to £ = O so roots of ¢+ - 10£ + 5 = O are tam%, tanz?n,

1‘:(:(1/15—7Z , and. tam4—n @
5 )

S0 #* - 10£ + 5 = (£ - tan %)(t - tan 2?”)(1& - tan 3?”)(1& - tan 4?”) @

@

So equation becomes (> — 1&01;«22'?71)(152 - tanzz?n) =0

But tan S tan = and tan4—7z = -tan 2
5 5 5

And therefore letting x = £ the equation 42 - 10x + 5 = O has roots tan? % and

tamzz—n @
5

Strong candidates are able to make the connection
between the equations and to select the relevant
solutions for the two B marks. They then need to
show clearly how the four solutions combine to give
two distinct solutions to the quadratic in t2 for the
method marks — as the answer is given, the working
must be detailed and clear.

Cambridge International AS & A Level Further Mathematics 9231
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Question 7

7 (a) Starting from the definition of tanh in terms of exponentials, prove that

1 1+x
tanh™ x == 1In (—j . [3]

2 1-x

T This straightforward manipulation of exponentials
If u = tanhx then x = tanh(4) = Z— = writing in exponential form. @ follows directly from the definition of tanh(x), and
i i R R needs to be communicated in detail, since the

iienl(ese gitanh(Qisie S sol (e et  Si(e i) @ answer is given. The first method mark is for writing
(multiplying both sides by e) tanh(u) in exponential form, the second method mark

T . Lex is for the algebraic manipulation. The final Al is
Therefore e« (1 — x) = 1 + x and so e* = T _x and u = > In (1 - X) @ dependent on seeing the steps in the final line (or
equivalent) as the answer is given.

16 Cambridge International AS & A Level Further Mathematics 9231
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) 4(1-x d
(b) Given thaty = tanh 1(—) ,show that (2x+1) 2 +1=0.
2+ X dx

[4]

Examiner comment

This is probably the simplest method, and follows
from (a). Care needs to be taken over the algebra of
simplifying the In function, and the chain rule
differentiation needs to be shown very clearly, since
the answer is given.

Method 1
. |2 e | @ - s ®
Using the result above, y = 5 In — == 1+2x)
2+ X
dy _ 1 ,1+2x “3x2 dy _ -1 dy _
So—==5 (=) 2P " aiag SO (2x+2) 2 +2=0 @
Method 2

Examiner comment

-X

tanh(y) = % so differentiating gives

so (2x+1)%+1=0

dy @01 -(1-x _ _(3)
2 =
sech 97 2P 2P
1-xY\ dy _ (3
_[ =L 4y - =
o & [2 x] ) T o

= (4+4x+x2—1—x2+2x)d—§

2+ x

@ @and sech?y = 1 - tan?y = 1 - [1 ad

@ﬁ«2.+)<)2—(1-)<)2)dy— -3

—3=>(3+6x)d—z+3=0

J

This method is a little more complicated, and
dependent on candidates remembering the
hyperbolic identity connecting tanh(y) and sech(y).
This is partly balanced by a straightforward quotient
rule differentiation, but as with method 1, care must
be taken with the algebra, and all steps clearly shown
as the answer is given. The first 2 marks are
awarded for differentiating tanh(y) implicitly, and the
second M1 for substituting for sech?(y), and
substituting for it. All working must be seen.

Cambridge International AS & A Level Further Mathematics 9231 17
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(©)

. . . . . 4 1=-x) .
Hence find the first three terms in the Maclaurin’s series for tanh™ (—) in the form

2+ X

alIn3+bx+cx? , Where a, b and ¢ are constants to be determined.

When x= 0, y = % In(3) using the result of (a) and Z—i = -1 from (b) @

2.
Differentiating (2x + 1)2—)5: + 1 = O leads to zi—z +(2x + 1)1{—2 =@ @
Substituting for x and 4y ives 2(-1) + &y =0 so dy =2 @
g ax 9 dx? dx?

Putting these values into Maclaurin’s series gives

9= :lz In(3) — x+ 2+ ... @@

[5]

18
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Examiner comment

The differentiation can be done from the explicit
expression for % if Method 1 has been used, or

implicitly if Method 2 has been followed. The B1 is for
a correct second derivative. Detailed steps are
essential as the structure of the answer has been
given so M1 is awarded for the working associated
with finding the values of y and the first and second
derivative when x = 0, and the second M1 for
substituting into Maclaurin’s series.
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Question 8

8 (a)(i) Find the set of values of a for which the system of equations
X—2y—-27z+7=0,
2x+(@a-9)y-10z+11=0,
3Xx—6y+2az+29=0,

has a unique solution. [4]

Examiner comment

Candidates should show the working needed to find
the determinant of the 3 x 3 matrix for this system of
equations for the first two marks. They then need

So (1)(2a(a - 9) — 60) — (-2)(2.2a - (-30)) + (-2)(2.(-6) - 3(a - 9)) # O @@ solve the resulting quadratic equation (M1) and to
be careful to show the correct set of values which
make the determinant non-zero (Al).

If there is a unique solution, # 0

i -2 -2
2 a-9 -10

3 -0 2a

24* — 184 — 60 + 8a+ 60 + 24 + ba — 54 # O

2a2—4a—30¢0=>a2—2a—15¢0@:>(a—5)(a+3)#050a¢5,a¢—3 @

Cambridge International AS & A Level Further Mathematics 9231 19
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(a)(ii) Given that a = -3, show that the system of equations in part (i) has no solution.

(b)

Interpret this situation geometrically.

If a = -3, the third equation becomes

3x — 6y — 6z+ 29 = O, but multiplying the first equation

by 3 gives 3x — 6y — 6z + 21 = O, l.e. the equations are
\ \ inconsistent. @ The two planes represented by these

/ \ / / equations are parallel, but not coincident. @ The third

\/ equation represents a non-parallel plane, so intersects
each of the other two planes in a line. @

The matrix A is given by

(1 1 2)

A=L0 2 1.
11 3

[3]

20
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Examiner comment

Having checked the relationship between the three
equations when a = -3, candidates need to state
which pair of equations are inconsistent for the first
mark, that these planes are parallel for the second
mark. Recognising that the third equation represents
a non-parallel plane which intersects each of the
other two planes in a line gains the final mark. A
diagram helps to clarify this final statement if
candidates find it difficult to describe the situation in
words.
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(b)()) Find the eigenvalues of A. [4]

Examiner comment

Candidates need to show that the determinant of
A —Al = 0, then evaluate this determinant and

1-4 1 2 simplify the resulting expression for the method
The characteristic equation is ( 0 2-4 2 ) =@ mark. The three values will always be distinct (and
= & 5 @ non-zero) so some self-checking is possible. Two
T -2 -3 -2 —-12)-1(0 —(-1)(2) + 2(0 - (-1)(2 - A)) =0 out of three solutions correct would earn Al.

(T -2 -3 -A-201-AH-2+4-21=0
(1 -Az2-Az-H=0¢ @@

A=1,2 0r 3 @@

(b)(ii) Use the characteristic equation of A to find A™. [4]
Multiplying out the characteristic equation (¥) from (i) gives The method is specified in the question, so
candidates must recall and use the fact that a matrix
A -l +11A1-6 =0 satisfies its characteristic equation (earning the B1)

and manipulate this equation to find A1 for the first
method mark. Other methods will not be credited in
this case. It will be expected to see the matrix for A2
as it is an essential component of the equation, so
the final line will earn M1 and A1l if fully correct.

Since A satisfies its characteristic equation, so  A®> - 6A% + 11A - 6l = O @

Multiplying through by A-* gives A% - 6A + 11l - 6A™* = O @

-1 5 10 1 4 -1 -2
So 6A* = A2 - 6A + 111 and A2=<—2 6 :LO)soA‘l:Z -2 5 -2

4 4 q 2—22>W

Cambridge International AS & A Level Further Mathematics 9231 21
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